DOI: https://doi.org/10.62232/barp.9.2024.8575

Characterization of Variance Optimal
Equivalent Local Martingale Measure and
Stochastic Volatility Model with Small
Diffusion Coeflicient

T. Toronjadze'?

!Georgian American University, Business School, 10 Merab Aleksidze Str.,
0160, Thilisi, Georgia;
2A. Razmadze Mathematical Institute of I. Javakhishvili Thilisi State
University, 2 Merab Alekside II Lane, 0193 Thilisi, Georgia

Abstract

Characterization of variance optimal equivalent local martingale
measure plays key role in several important problems of statistics of
random processes. For stochastic volatility model with small diffu-
sion coefficient the given characterization is used for robust statistic
purposes.
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1 A financial market model

Let (0, F,F = (Fi)o<i<T, P) be a filtered probability space with filtration
F satisfying the usual conditions, where 7" € (0, 00| is a fixed time horizon.
Assume that Fg is trivial and Fpr = F.
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There exist d 4+ 1, d > 1, primitive assets: one bond, whose price process
is assumed to be 1 at all times and d risky assets (stocks), whose R?-valued
price process X = (X;)o<t<r 1S a continuous semimartingale given by the
relation:

dXt = dlag(Xt) th, X() > O, (].].)

where diag(X) denotes the diagonal d x d-matrix with diagonal elements
X1 ..., X% and the yield process R = (Ry)o<i<7 is a R-valued continuous
semimartingale satisfying the structure condition (SC). That is (see Schweizer

1),
th — d<M>t)\t + th, RO — O, (12)

where M = (M Jo<t<T is a Ré-valued continuous martingale, M e MG 10o(P),
A = (M)o<t<r is a F-predictable Rvalued process, and the mean-variance
tradeoff (MVT) process K = (K)o<t<r of process R

t —~— —_—
R, = / NA(D) A, = (N -3}, <00, P-as, te[0,T).  (L3)
0

Remark. Remember that all vectors are assumed to be column vectors.

Suppose that the martingale M has the form

—~

M=o0c-M, (1.4)

where M = (M;)o<i<r is a R%valued continuous martingale, M € Mg, .(P),
0 = (0y)o<i<T 1s a d X d-matrix valued, F-predictable process with rank(o;) =
d for any t, P-a.s., the process (0, ')o<i<7 is locally bounded, and

(M)r :/0 oi(M),0;, < 00.  P-as. (1.5)

Assume now that the following condition is satisfied: there exist fixed
Ré-valued, F-predictable process k = (k;)o<¢<7 such that

A=) = (o)) k. (1.6)
In this case, from (1.2) we get

AR, = d(M) N\ + dM,; = 0d(M)0'(0?) ks + od M,
= Ut(d<M>tk't + th) (17)



and
g, = / Nd(3) A, = / k(o) (M), (o)~ h
0 0
t
0

From (1.3) we have

Ki < oo, P-as. forall tel0,T]. (1.8)
Thus, if we introduce the process M° = (M})o<;<7 by the relation

dM} = d{M)k; + dM,;, M =0, (1.9)

then the MVT process K = (K;)o<i<r of R%-valued semimartingale M° is
finite, and hence MY satisfies SC.

Finally, the scheme (1.1), (1.2), (1.4), (1.6) and (1.9) can be rewritten in
the following form

dXt = dlag(Xt) th, XO > O,
dR; = o:dM?, Ry =0, (1.10)
thO = d<M>tk't + th, Mo = 0,

where o and k satisfy (1.5) and (1.8), respectively.
This is our financial market model.

2 Characterization of variance-optimal
equivalent local martingale measure

A key role in mean-variance hedging plays variance-optimal equivalent local
martingale measure (ELMM) (see, e.g., [2, 3, 4]).

We start with remark that the sets of ELMMs for processes X, R and M°
of form (1.10) coincide. Hence we can and will consider the simplest process
MO,

Introduce the notation

dq)

5 = {Q ~ P : P € L*(P), M"is a Q-local martingale},
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and suppose that
(c.1) M # 0.
The solution P of the optimization problem

EEL(M?) — inf

QEMS
is called variance-optimal ELMM.
Here 0
— | =&r(M°
dP | Fr (M),

and (&(M?))o<i<r is the Dolean exponential of martingale M©.
It is well-known (see, e.g, Schweizer [1, 5]) that under condition (c.1)
variance-optimal ELMM P exist.
Denote B
_aP
T aPlE

and introduce RCLL process z = (2;)o<t<r by the relation
% =E"(/F), 0<t<T

Then, by Schweizer [1, 5],

T
5t=50+/ ¢l dM?, (2.1)
0

where ¢ = ((;)o<t<r is the R%-valued F-predictable process with

T
/0 G d(M), ¢ < o0,

and the process ([5 CLAM?)o<i<r is a P-martingale.
Relation (2.1) easily implies that the process z is actually continuous.
Suppose, in addition to (c.1), that the following conditions is satisfied:

(c.%) All P-local martingales are continuous.

This technical assumption is satisfied in stochastic volatility models, where
' = F" is the natural filtration generated by the Wiener process.
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It shown in Mania and Tevzadze [6], Mania et al. [7] that, under con-
ditions (c.1) and (c.*), density Zr of variance optimal ELMM is uniquely
characterized by the relation

_ &=k M)

T Ber((p— kY M) >

where ¢ together with the pair (L, ¢) is the unique solution of the following
equation
Er((p — 2k)" - M)
Er(L)

where L € Mg,,.(P), (L, M) =0, c is a constant.
Moreover, the process ¢ = ((;)o<t<r from (2.1) has the form

G = (ot —k)&((p — k) MO)- (2.4)

Here ¢ = (¢1)o<i<7 is a R%valued, F-predictable process with

= cEX(—k - M), (2.3)

T
0

Let 7 be F-stopping time.
Denote (k' - M)y, = (k' - M)p — (K" - M),.

Theorem (see also Biagini et al. [8], Laurent and Pham [9]).
1. Equation (2.3) is equivalent to equation

Er(p' - M)

= ce<k'M>T, 2.5
&(D) 29

where the R*-valued process M* = (M} )o<i<t is given by the relation
dM; = 2d(M ).k, + dM,, M; = 0.

2. a) If there exists the martingale m = (my)o<i<r, m € MG, (P) such
that
e WM — e 4oy (m, M) =0, (2.6)

then ¢ =0 and Ly = fot ﬁdms solve the equation (2.5).

In this case
~ Er(—k - M°)

T BEr(—k - M)

(2.7)
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process ¢ = (G )o<e<r from (2.1) is equal to
G = —k&(—K - M°),

and

27\ 2 B 1
2[(2)'/7| = pewmrmy
b) If there exist R*-valued F-predictable process { = ({;)o<i<T,
S d(M) b, < oo, and

T
e<k’.M>T — C—|—/ g; th*7
0

then L =0 and ¢; = solve the equation (2.5).

In this case,

Ot
et [ e dmy

Zr=Er(—K - M) (:=7%p, the density of minimal martingale measure P),
and ~
((2)/7) ez
where dP* = Ep(—2k" - M)dP.
Proof. 1. By the Yor formula

Er((p—2k) - M) = Ep(¢)/ - M — 2k - M)

=&r (cp’ : (M + 2 / d(M>tkt) ) / Yrd(M )k, — 2K - M>
= ;T(go/ : M*)ST(—QIS’ - M),

and
EX(—K' - M) = Ep(—2K - M) M1

Assertion follows. R
2. a) Note at first that (L, M) = 0. Further, by the Ito formula we can

write

1(+)1—/t1d 1/t L d
n(c+ my nc= orm M 2 ), exm) My .
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Hence
eln(c-i—mT)—lnc _ 8T(L)

and thus
c+mp e WM

gT(L) B Cc - Cc

Finally, by the Bayes rule and the Girsanov Theorem,

—2k" - M)e= M | F )
2((2)'/7) - Bace mewm
_ E(ct+mp/Fr) E2(—k - M) _ o etmr e,
(E(c+m./Fy))? Er(=2K - M)~ (ctmq)?
1
~ B(e WM [ F)

The proof of case 2 b) is quite analogous. O

3 Stochastic volatility model with small dif-
fusion coefficient

Denote by Ball,(0,7), r € [0,00), the closed r-radius ball in the space L =
Lo (dt x dP), with the center at the origin, and let

H = {h ={h;}, 1,5, = 1/,\d : h is F-predictable, d x d-matrix valued
process, rank(h)=d, h; € Ball (0,r), 7€ [0,00)}.
The class H is called the class of alternatives.

Fix the value of small parameter 6 > 0, as well as d x d-matrix valued
F-predictable process 0° = (09)o<i<r, rank(c?) = d, with

T
/ old(M)(a?) < co P-as.
0

Denote
={o : 0 =0"+6h, heH}

Consider the set of processes { R7 (or X?), o € As}, which represents the
misspecification of asset price model.



For simplicity, consider the one-dimensional case (d = 1).

Let a(t,y) be a drift coefficient of volatility process. Consider the stochas-
tic volatility model with misspecified asset price model and fully specified
volatility process model with small diffusion coefficient e,

dXt = Xt th, X() > 0,
dR; = (o) + 6hy)dM?, Ry =0,
dY; = a(t,Y;)dt + edwy, Yy=0, 0<t<T,
where
thO = k,dt + dwﬁ,

h € H and ¢! is the center of the confidence interval of volatility, which
shrinks to
o= f2(Y3).
Here, f(+) is a continuous one-to-one positive locally bounded function (e.g.,
flz) =em).
Note that to robust statistics problems for stochastic volatility model
with small randomness are already devoted our papers [10, 11].
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