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We consider the problem of finding the optimal harvesting effort
that gives the maximal yield for the size-structured population model.
A stochastic growth equation is given whose solution density satisfies
size-structured population growth equation and boundary conditions.
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1 Introduction

During the last years, structured population models have played a sig-
nificant role in the mathematical analysis and control of populations
in biology and demography (see [3]). Among the individual structure,
there are many structural differences, such as age, body size, gender,
gene, and life stage. Our aim is to study an optimal harvest problem
for size-structured population model. There is no standard optimiza-
tion technique for such models and their investigation is highly non-
trivial. Here we use dynamic programming technique for the solution
for some kind of harvest problems.
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The remaining parts of this paper are organized as follows. In
Section 2, we give an exactly solvable examples of optimal harvesting.
In Section 3 the general case for non-structured population model is
considered. In Section 4 we formulate a stochastic control problem
equivalent to optimal harvest problem for size-structured population
model.

2 Examples of optimal harvesting
Let us consider optimization problem for the fish population
N(t) = (A(t) = a(t))N(t),

max / L OaON (@), 0< aft) < 1.
0

6
where A(t)— is fecundity mines mortality, a(t) is catchability, p(t) is

mean price of fish. Let

T
V(n,t) = max/t p(s)a(s)N(n, s)ds,

N(n,s) =n+ /tT()\(s) — «a(s))N(n, s)ds.
The Bellman equation for this problem is
Vi(n,t) + moa}x[()\(t) —a)nVy(n,t) + p(t)an] =0, V(T,n) = 0.
For V(n,t) = o(t)n we get
¢'(t) + At)p(t) + (p(t) — @(t)T =0, (T) =0.
The solution is

P e O
v eftt A(r)dr’ t < t*,

where t* is the root of equation ft{ el ()‘(T)_l)dTp(s)ds = p(t*). When
A = m,p(t) = 1 this equation becomes ﬁ(e(T_t*)(m_l) —1)=1or

T —t* = 2 The optimal control is

m—1

Q1) = I(p(t) — Vi > 0) = I(p(t) > (1)) = I(t* < t <T).



For the stochastic problem
AN (t) = ()N (1)t + o(H)N (L)W (1),

maxE/ t)dt, 0 < a(t) <1

we get a*(n,t) = I(p(t)>vn(n,t))

Vi(n,t) + moa}x[()\(t) —a)nVy(n,t) + p(t)an] + ;a n?Von(n,t) =0, V(T,n) =0

Vi(n, ) + n[A)Vi(n, £) + (p(t) = Vis(n, £) ] + ;a n2Vin(n,t) = 0, V(T,n) = 0.
Again solution is of the form V(n,t) = np(t), where
/() + AB)e(t) + (p(t) — ()T =0, o(T) =0.

Hence a*(n,t) = o™ (t) = Ipm)>e)-

3 The general case
Let us consider the optimal harvest problem

dN(t) = (M(N,t) — (N, t))N(t)dt + o(N,t)N(t)dW (t),
max F Tp(N, t)a(t)N(t)dt,
0<a(t)<c 0

where price process has the form dp(N,t) = o (N, t)dt + oP (N, t)dW;.
Since

T
E / p(N, )a(N, t)N(t)dt
_E/ (N, AN, )N (t)dt — E/ (N, t)dN(t)
—E/ (N, )A(N, )N (t)dt — E(P(N, T)N(T)

T
+ /0 N(t)aP(N, t)dt + /0 (N, 4)oP (N, )N (£)dt)
= En(N),

where



T
n(N) = /0 (N, AN, )N (t)dt — p(N, T)N(T)

T T
4 /0 N(t)aP (N, £)dt + /0 (N, £)oP(N, )N (t)dt

we get

AN(t) = o (NN (AN, 1) — a(N.)o(N,t) " dt + W (2))

= o(N, )N (t)dW (1),
moz}xEn(N) 0<a(t) <ec

Let N? be solution of dN? = o(N° t)N2dW;. Then by Girsanov

Theorem

En(N) = En(N%&r </'(A(N0, s) —a(N° s))o H(NO, s)dWS> =

0

The value process V; = esssup,, E*(n|F}) satisfies
dV(t) = — Jnax ((MNO,t) —a)o YN, ) Z)dt + Z;dW (1),

Vp = U(NO)»

or

AV (t) = =A(N°, t)o 1 (N, t) Zydt — co™ Y (N, ) Z7dt + Z;dW (t),
Ve =n(N°), o*(t) = I7,50)-

Denoting Z; = (N)~'6=1(NY, ¢)Z; one gets

AV (t) = —NP (AN, 1) Z; + cZ; )dt + Z;dN°(t),
Vi = n(N°).

Since N% ! is positive we get a*(t) = Iiz50

E“n(N°).



4 A size structured population model
and optimal harvest problem

Let N(t fo (z,t)dx be the decomposition of population by the

size. Then in [1],[2] the optimal harvest problem for the system
Owu(z,t) + Oz (g(x)u(z, t)) + m(x)u(z,t) = —p(t)u(x,t), (1)
u(z,0) = uo(), (2)

9(0)u(0,t) = /000 B(t, z)u(z,t)dx. (3)

under revenue function

/ / u(z, t)dzdt = /OT p(t)N(t)dt £ max (4)

were studied. Here m(z), 8(t,z) denote natural mortality and fecun-
dity of population of size x, u(t) denotes fishing mortality and g(x) is
rate of growth of individuals.

Our aim is to show that the solution of (1)-(3) may be represented
by the distribution function of a stochastic processes.

Let np,k = 1,2,... be ii.d. nonnegative random variables with
probability density f(z),z > 0, 05, = Y, n% and 79 a independent
random variable with probability density fo(z). Denote N(t) = #{n :
no + on, < t}. Suppose A(t) =t —on, and a(t,z) = P(A(t) < z).

A) Let u(z) = Y o7, f™(x) and fop are differentiable and @ =
fo+ux* f, where * denotes convolution.

Lemma 1. Let condition A) is satisfied. Then equation E®(A(t)) =
Jo° @(x)(1—F(x))a(t — x)da is satisfied for every continuous bounded
functlon <I>

Proof. For each bounded, continuous function ® we get

ECI)<A15) - Z E‘I)(t - Tn>I(7’n§t<Tn+1)
n=0

= Z E(I)(t — Tn)I(tnSt<Tn+1)(1 — F(t — Tn))
n=0

_ Z%/O B(t — 5)(1 = F(t — 5))dF™(s).

:/ (I)(t—s)(l—F(t—s))dU(s):/ B(s)(1 — F(s))u(t — )ds.
0 0



Let x(t) be the solution of growth equation

x(t—TNt), t<(
9, t>¢
and 7 independent, exponentially distributed r. v. with parameter 1.
Then Y satisfy the equation

Let Y(t) = , where ¢ = inf{s; [ p(v)dv > 7}

t t
Y(t) = Y(0) +/ (V(s))ds — / Y (s—)dN(s), t < C.
0 0
For each bounded, continuous function ¢ one obtains
| etmpttndr = By ().t < ) = Bold®)t < 0
= Bp(a(t — ;) o,

Using lemma 1 for the function ®(t) = p(z(t)) we get

= Oy(p(t 7“)ef(f ”(U)d”) +0r(g ,T elo “(”)d”)
= (L= F(a ' (r)@(t — 27 (r)/g(r)

—(1 = F(a™ ' (m)'(t — 2~ (r))z~ " ()

—f@ r))act — e )" (r)

= —f(x_l(lr)))ﬁ( —a~Y(r)/g(r)



Integrating equation dyp(t, r)+u(t)p(t, 7)+0(g(r)p(t, T))+%p

0 and using [;° p(t,r)dr = e~ Jo )Y one obtains

[e’) .’L'*l r
s00(t.0) = [ 1f;@LZDMumw.

Finally we get
Proposition 1. Let condition A) is satisfied. Then

fla=(r)) _
mp(ta r) =0,

g@m@ﬁ%=Aw6UMGan

atp(t7 T) + 6T(g(r)p(t7 T)) + M(t)p(t, T') +

where f(r) = m(f(x_l(r))
Corollary. The function u(x,t) = Nop(t, z) satisfy equations (3).
The optimal harvesting problem (1)-(4) can be rewritten as the
problem

Y (t) = Y(0) +/0 g(Y(s))ds — /0 Y (s—)dN(s), t < ((a),

TA(a)
max / (£, Y (8)alt, Y (£))dt.
o 0
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