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Abstract

General statistical model with filtration is considered. Identifying
and real M-estimators are constructed. Namely, consistent, linear,
asymptotically normal estimators are founded, which are basic class
of estimators in robust statistics.
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A key part in robust estimation theory play the Huber M-estimators. In
general, M-estimators may be viewed as follows.
Consider a sequence of filtered statistical models

E= {(Q”,}"”,F” =(F"),0<t<T, (Qy,0€0OC Rl))}n>1, (1)
where for each n > 1 and 6 # ¢, the probability measures @y and @} are
equivalent, Qy ~ Qp, F* = Fp and T" > 0 is a number, o-algebra F, is
completed and filtration F™ satisfies the usual conditions w.r.t. @ for some,
and hence, for each 6.
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Let for each 6 € © and n > 1 the process (L, (0,t), 0 <t <T) be a local
(square integrable) Qy-martingale.

Denote L, (0) = L,(0,t)|;=r and consider stochastic equation (with re-
spect to parameter )

La(0) = Lo(0,w) =0, n>1. 2)

A sequence {T,,(w), w € Q"},>; of F"-measurable roots of these equa-
tions (i.e., for each n > 1, T,,(w) is a random variable defined on (Q", F™)
with values ©, and such that

Ln(Tn(w)a w) = 0) (3)

is called a generalized M-estimator.

Notice that the equality (3) may be satisfied only asymptotically (in some
sense, see, e.g., Theorem 1 below).

The proof of assertions concerning the asymptotic behaviour of M-esti-
mators as solutions of equation (2) is carried out in two steps: firstly, the
asymptotic properties are established for the left-hand side of equation (2);
secondly, the asymptotic properties of the estimators (considered as implicit
functions) are obtained by linearization. In this way one may construct con-
sistent, linear, asymptotically normal estimators, which are asymptotically
equivalent of M-estimators (see, e.g., (15) below). Class of such estimators
is a basic class of estimators in robust estimation theory (see, e.g., [1, 2, 3]).

1 Local limiting behaviour of roots

Given a sequence of statistical models (1), and let {¢,(0)},>1, ¢u(6) > 0,
f € © be a normalizing deterministic sequence.

Consider the sequence of random variables {L,(0)}n>1 = {Ln(0,w), w €
2"},>1 depending on the parameter 6 € ©.

Remark 1. We shall use the following abbreviation
Qp- lim &, = K,
n—oo

where £ = {{,}n>1 is a sequence of random variables defined for each n on
Q" and K is a real number, if Vp > 0,

ILm Qp{w € Q" 1 |&,(w) — K| > p} =0.
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Theorem 1. Let the following conditions hold:
a) for each 6 € ©, lim ¢,(6) = 0;
n—oo

b) for each n > 1, the mapping 0 ~ L, (0) is continuously differentiable
in 0 Qp-a.s., (Ly(0) := % L,(0));

c) for each 0 € ©, there exists a function Ag(0,vy), 0,y € ©, such that

Q- lim ¢ (0) Ln(y) = Aq(60,y) (4)

n—oo

and the equation
Ag(f,y) =0

with respect to the variable y has the unique solution 6* = b2 (0);

d) Qp- lim c2(0)L,(0*) = —0(0), where 4o(0) is a positive number for
n—oo
each 6 € ©;

e) lim hfLILSOIiP Qi {supyy—g+1<ry A (O Ln(y) — Ln(67)] > p} = 0 for each

p>0.

Then for each 6 € © there exists a sequence of random variables T = {T,, }n>1
taking the values in © such that

I lim Q4{L.(T,) =0} =1;
n—o0
II. Q- lim T,, = 6,
n—oo
III. of {fn}nZI 18 another sequence with properties I and II, then
lim Q{T, =T,} = 1.
n—oo

If, in addition,

f) the sequence of distributions {L{c,(0)L.(6%) | Qf}}n>1 weakly con-
verges to a certain distribution P,

then
V. (i) L{0)c, (0)(T, —07) | Q5 — @,
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(i) ;Y (O) (T, — 0%) = % + R,(6), R.(0) RN

Proof. 1. By the Taylor formula we have
Ln(y) = La(0%) + Lo(0)(y = ) + [La(0) — La(0)](y — 0"),
where 0 = 0* + a(0%)(y — 6*), a(6*) € [0,1] and the point § is chosen so that

0 € F* (¢ € F means that r.v. ¢ is F-measurable).
From this we get

en(0)Ln(y) = €, (0)La(07) — 10 (0)(y — 07) + £a(0,07)(y — 07).

(5)
where ¢, (y,0*) € F",
en(y:0%) = ca(0)[Lay) — Lu(87)] + [ch(0) Lu(67) +10(0)], v €.
Evidently, conditions d) and e) ensure that
lim lim sup Q} su en(y, 0%)| > =0 6
tiglimsup Q5 {  sup_ Jeu(s:0)] > (6)

for each p > 0.

2. We now show that there exists a family {Q(n,7) :n>1,7r> 0,0 €
©} with properties

1) QH(nar) € ‘Fn>
2)  limlimsup Qy{Qy(n,r)} =1,

r—=0 500

and for any » > 0, n > 1 and w € Qy(n,r) the equation

Ln(y) =0

has the unique solution T, in the segment |y — 0| < r.
Expansion (5) yields
A(0) L (0" +w)u = 2 (0) L, (0" u — uPyo(0) + ue, (0, 0%).
For any 6 € ©, n > 1 and r > 0 define

Qo(n,7) = {w Q" |A(0)L,(67)] < VQ(;))T ,

. 0
sup  |en(y, 07)] < 7%”}
{y:ly—0*|<r}




Obviously, Qg(n,r) € F". Hence, if w € Qy(r,n), then from equality (7)
we get L, (0" +u)u < 0 for |u| =r.

Since the mapping u ~» L, (6* + ) is continuous with respect to u, the
equation L, (6* + u) = 0 for |u| < r has at least one solution w,(0*) with
|un(67)] < 7

It can be easily seen that if w € Qg(n, ) and |u| < 7, then L, (6*+u) < 0.

On the other hand, for w € Qy(n,r) and |u| < r,

Ln(0" + u,w) — Ly (0" 4 u,(0),w)
0

~ | 5 a8+ 0 (6) + s = (6), )] do

Consequently,
L,(0" 4+ u,w) = /0 L0 4 un(07) + a(u — un(0%)),w) (u — u,(67)) dov
and
L0 + u,w)(u — u,(07))
= /0 L0 4 1, (67) + a(u — un (%)), w)(u — u, (6%))* da < 0,

provided u # u,(0*). Hence L, (6* + u,w) # 0 for |u| < r, u # u,(0*). By
the construction of the set Qy(n,r) and due to conditions c¢), d) and e) it is
easily seen that 2) is true as well.

3. Now we construct the sequence T' = {T,, },>1 with properties I, II and

III. Define
Q) = Qn, k7).
k>0
Evidently, Q% € F". Let w € QY. Then from the previous statement it
follows that there exists a number k(w) > 0 such that the equation L, (y) = 0
has the unique solution T},(w) in the segment |y — 6*| < (k(w))~! with the
mapping w ~ T}, (w) which is Q9 N Fr-measurable.
Put _
To(w) = {Tn(w) ?f we
o if w#Q0

where 6, is a point in ©.



It is easily seen that, by construction, 7T, possesses properties I, II and
I11.
4. Finally, we prove assertion IV. By expansion (5), we have

[en(0)Ln(Tn) = e (0) Lu(67) = v ()c; (O)(Tn — 67))]
< len(T, 0°)75 ()l Ivo(O) e, (O)(Ty — 67)] (8)

and lim sup Qu{|e, (T, 0%)| > p} = 0, ¥p > 0, which follows directly from

n—0o0
the relation

(T =01 <rin{  sup |en(y,07)] < p} C {len(Tn,0%)] < p}.

{y:ly—0*|<r}

Denote X,, := cn(0)(Ln(T,) — Lu(0%)), Yy := v0(0)c, (0)(T,, — 6*) and
Zp = len(Ty, 0*)751|. Then inequality (8) takes the form

| X, — Y,| < Z,|Y,.|

It is well-known that if X, converges weakly to X (X, — X) and
Ln N 0, then Y,, = X. Thus we get

lim L{yq(0)c; " (0)(T = 0%) | Q5} = lim L{cu(0)La(07) | Q5 }-

Assertion (i) is proved. The proof of assertion (ii) easily follows from (i) and
inequality (8). O

2 Global limiting behaviour of roots

We use the objects introduced in the previous section.

Assume © = [a,b]. Furthermore, for convenience, put a = —oo and
b= +oc.

For every 6 we consider the set

Sy = {f = {fn}n21 : for each n > 1, fn e F" and
Q1- lim 2(0)L,(T,) = o}.
n—oo

Theorem 2. Let the following conditions (sup c) hold:
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(supc); the function Ag(60,y) is y-continuous for every 6;
(supc)y for any K, 0 < K < oo, and p > 0,

lim Q{ sup [c2(0)Lu(y) ~ Ao (0.4)| > p} = 0.

oo ly| <K

Then

I. The following alternative holds: sz € Sy, then either

Qy-lim T, = 6* = b2(6), (9)
n—oo
or _ -
li_}m Qu{|T.| > K} >0 (10)

forany K, 0 < K < o0.

I1. If, in addition, the condition

(c*) Jim_|Aq(6,y)] = K(0) > 0
Y|—o0
holds and
lim Q3{  sup  [A(0)L(y) — Aa(6, )| > p} =0

for any p > 0, then (9) is valid.

Proof. Let T = {fn}n21 € Sy and suppose that inequality (10) is not satis-
fied. Then there is a number Ky > 0 such that

lim Q3{|T,| > Ko} = 0.
Therefore,
Q{12 (O)La(To) — Do(0.T0)| > p}
< Qi{ITh > Ko} + Qi {2 (O)La(T2) = A0, T)| > p, 1Tl < Ko |

< Qu{IT) > Ko}+Q5{ sup [ O)Laly)=D(0.)| > ph—0 as n oo
Yyi=Ho



On the other hand,

Qu- lim 2(0)L,(T,) =0

n—oo

and hence, R
Qp- lim Ag(0,T,) = 0. (11)
n—oo

Assume now that equality (9) fails too. Then one can choose € > 0 such
that o R
lim Q{|T, — b°(0)| > ¢} > 0.
n—o0

By the condition (sup c)y,

Ale) = inf Ag(6,y)] >0,

{y:ly=bQ(0)|>e¢, |y|<Ko}

whence

T Q{120 T)1 > A6}
> Tm Qp{|Ag(0, T)| > Ale), |Tu] < Ko}
> Tim Qi{IT, - b°(0)] > e, |Tn] < Ko} >0,
which contradicts equality (11).

In order to prove the second assertion of theorem, it is sufficient to note
that under the condition (¢™)

inf Ag(f,y) >0
R N iUl
and to repeat the previous arguments. O

Suppose that the conditions of Theorem 1 are satisfied.
For every n > 1, consider the set

A, ={w € Q" : the equation L,(y,w) = 0 has at least one solution}.

Note that A, € F". Indeed, recall that the g-algebra F" is complete,
L,(y,-) € F™ for each fixed y and L,(-,w) is a.s. continuous. Hence, the
mapping (y,w) ~ L,(y,w) is measurable and B, := {(y,w) : L,(y,w) =
0} € B(Ry) x F". But A,, = g (B,,), where IIgx(+) is a projection operator.
Thus A, € F™.



Evidently, for any 6, we have Q° C A,, where the set QY is defined in
item 3 of the proof of Theorem 1.
Since under the conditions of Theorem 1, Q3{Q%} — 1, for any 6 we have

A, @it} =1
For each n > 1, introduce the sets:
S, = {fn . T, is F"-measurable; Ln(fn) =0ifwe A,; T, = 0o if w ¢ A},

where 6y is a real number.
Now, put the set of estimators

Ssol = {T = {Tn}n21 ) 2 1, Tn S Sn}

Corollary 1. If along with the conditions of Theorem 1 the conditions (sup c)
are satisfied for any 0, then there exists an estimator T* = {T},>1 € Ssa
such that
Q- lim T = b9(6) (12)
n—oo
for any 6.
If, moreover, for any 6 the condition (c¢*) is satisfied, then any estimator
T € Sso has property (12).
Proof. 1t is sufficient to construct an estimator 7% = {7 },,>1 for which (10)

fails for each 6.
For any n > 1 and € > 0, there exists 77 € S,, such that

77| < essinf |T,| +e.
Th€Sn

By virtue of Theorem 1, for any 6 there exists a sequence f(@) = {fn<0)}n21
such that

Jim Qi{La(T(8)) = 0} =1 (13)
and R
Q- lim T,,(6) = b%(0). (14)
Thus, we have
hm Qe{\T*\>K}< hm Qe{]T*|>K L ( #o}
+hm Qg{]T*]>K L, (T,(0)) =0}
SJL%QQ{LH 7é0}+hm Qp{IT.(0)] +¢ > K}.



The first and the second terms on the right-hand side converge to zero
by virtue of equalities (13) and (14). O

Remark 2. If the conditions of Corollary 1 are satisfied, then by virtue of
Theorem 1, IV (ii), there exists an estimator T = {T,},,>1 such that

L,(0%)
1o(0)
YO R (0) s 0.

n

T,=0"+ + R,.(0), (15)

If 0* = b2(A) = 0 and the distribution ® from Theorem 1, f), is Gaussian,
then we obtain a consistent, linear, asymptotically normal estimator.
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