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1 Introduction

In a number of papers[1,2] Adomian develops a numerical technique using
special kinds of polynomials for solving non-linear functional equations. How-
ever, Adomian and his collaborators did not develop widely the problem of
convergence.

In this article we will study by Adomian technique some kind of quadratic
backward martingale equation and prove the convergence of the series. For
example we tackle an equation of the form

Er(m)Ep(m™) = cexp{n} (1)

w.r.t. stochastic integrals m = [ fodW;, m* = [ g,dW; and real number c,
where (W, W) is 2-dimension Brownian Motion and 7 is a random variable.
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Equations of such type are arising in mathematical finance and they are
used to characterize optimal martingale measures (see, Biaginiat at al (2000),
Mania and Tevzadze (2000), (2003),(2006)). Note that equation (1) can be
applied also to the financial market models with infinitely many assets (see
M. De Donno at al (2003)). In Biagini at al (2000) an exponential equation
of the form

Er(m) _ sz
Er(mt)
was considered (which corresponds to the case a = —1 ).

Our goal is to show the solvability of the equation (1) using the Ado-
mian method proving the convergence of series. On the one hand, a sim-
pler proof of solvability is obtained. On the other hand, it allows to obtain
the approximation of the solution. It is possible to find a solution in the
form of series, if we define a sequence of martingales w.r.t. the measure
Er(X7 mi+Y 7 mi)- P from equations ¢Er(m),_ +mls ) = EF(ml), where
m;z—i-l = Mp+1 — <mn+1’ Z?a mi>’ m/nJ:&-I = mﬁz_—i-l - <m7Jz_+1’ Z? sz_>v and then
we write down the solution

o0 oo
ng mk,mlzg my
k k

provided the series are convergent. The proof of the convergence is greatly
simplified if we present equation as a BSDE in the space of BMO-martingales
and use the properties of the BMO-norm. The result is resumed in Theorem
1.

Finally we provide some examples, exactly solvable by Adomian series
and also example non-solvable at all.

2 The main result

Let (Q,F, P) be a probability space with filtration F = (F;,t € [0,T]). We
assume that all local martingales with respect to F are continuous. Here T
is a fixed time horizon and F = Fr.

Let M be a stable subspace of the space of square integrable martingales
H?. Then its ordinary orthogonal M is a stable subspace and any element
of M is strongly orthogonal to any element of M* (see, e.g. [5], [6]).

We consider the following exponential equation

Er(m)&r(m™) = cexp{n}, (2)
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where 7 is a given Fpr-measurable random variable and « is a given real
number. A solution of equation (2) is a triple (¢, m, m'), where c is strictly
positive constant, m € M and m* € M=*. Here £(X) is the Doleans-Dade
exponential of X.

It is evident that if &« = 1 then equation (2) admits an ”explicit” solution.
E.g., if « =1 and 7 is bounded, then using the unique decomposition of the
martingale E(exp{n}/F;)

E(exp{n}/F,) = E exp{n} + mu(n) + mi"(n), m(n) € M, m*(n) € M?)
3

it is easy to verify that the triple ¢ = —Eexi) o

t 1 L t 1 mL
m= [ FewmE = | et o

satisfies equation (2).

Our aim is to prove the existence of a unique solution of equation (2) for
arbitrary a # 0 and 7 of a general structure, assuming that it satisfies the
following boundedness condition:

B) 1 is an Fp-measurable random variable of the form

where 77 € L, 7 is a constant and A = (At € [0,7]) is a continuous
F-adapted process of finite variation such that

E(varr(A) —var,(A)/F,) < C

for all stopping times 7 for a constant C' > 0.
One can show that equation (2) is equivalent to the following semimartin-
gale backward equation with the square generator

1
Yt:YO—%At—<L>t—a<Li>t+Lt+L§, Yy = =7, (5)

We use also the equivalent equation of the form

1
LT —+ L%‘ =c+ <L>T —+ E<Ll>T -+ %AT

w.r.t. (¢, L, Lb).



We use notations |M|,,,, = inf{C : Ez((M)r — (M).|F,) < C} for
BMO-norms of martingales, |A|, = inf{C : E(var! (A)|F;) < C} for norms
of finite variation processes and A - M for stochastic integrals.

Let us consider the system of semimartingale backward equations

1
VO =y - A+ L0+ L, v = o,
n+1 n+1
Y;( +1) _ }/O( +1)
n 1 n
_ Z(L(k),L("_k))t _ = Z(L(k)L’L(n—k)L>t n L§n+1) + L(n+1)
«Q
k=0 k=0

v = o,

The sequence Yo(n) =M, L™ 4+ L™ =0,1,2,--- can be defined conse-
quently by the equations

EM|F) + LEAr|F) = ® + LO + L},

2

1 n
ZE(<L(k)7 L(n—k)>T|]:) - ZE(<L(k)J‘, L(n—k)J_>T’]_—t)
k=0

— D) + L§n+1) 4 Lti(nH)_

Remark. If A, = fo s, Wy, Bs)ds, then the solution of (5) is of the form
Y, = v(t, Wy, By), where v(t x,y) is decomposed as series ) v"(t,x,y) sat-
isfying the system of PDEs

1
(at + §A)’U0(t,l’,y) + (Z(t, xay) = 07 UO(T’ :B’y) - 0’

1
(0 + §A)Un(t7 z,Yy)

i
L

(Wi (t, 2, y)op " (2, y) + avf(t x, y)oy (2, y)) = 0,

+

N | —
B
Il

v (T, z,y) =0, n> 1.

Lemma 1. Let
Y:‘,:}/O—i_At—i_mtv YT:77;

where m is a martingale, n € Ly and |Al, < co. Then m € BMO and

[Mlsno < Moo + [Al- (6)
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In particular, if |Al, < oo then the martingale E(Ar|F}) belongs to the BMO
space and

|E(A7|F)|pyo < |Alw-

’BMO

Proof. By the Ito formula
t t
Y72 = 2/ Y dm, + 2/ Y dA, + (m),.
0 0
Taking the difference Y2 — Y and conditional expectations we have that
T
Y2+ B((m)r — (m)o|Fy) = EGPIF) —28( | YadAJF) <

< Inl% + 21Y || Al (7)

E(fTT Yidms|F;) =0, since Y; < E(n + |Ar — Ay||F:) is bounded and m is a
martingale. Since the right-hand side of (7) does not depend on 7 from (7)
we obtain

V1% + Imlsao < Inls + 1Y [5 + AL

Therefore
Il Ba0 < Inl2 + A2,

which implies inequality (6).

Lemma 2. For the BMO norms of martingales L™ + L+ defined
above, the following estimates are true

L+ L < an(1+ |82 + LHO (8)

BMO’

where the coefficients a,, are calculating recurrently from

n
ag=1, ap1 = E A Qp—-
k=0

Proof. Using Lemma 1 it is easy to show that

L0+ L0, < an(L+ [BDILY) + LHO2

BMO’

L® + MO0 < as(1+ B[O + LHOP

BMO *



Assume that inequality (8) is valid for any & < n and let us show that

L0 4 LA < G (L4 [B)"HLO 4 L2 (9)

BMO’
Applying Lemma 1 for Y;("H) and the Kunita-Watanabe inequality we have

‘L(n+1) + LL(n+1)‘BI\AO <

n

<esssup > B(varl ({10, L0 4 B0, LH0-9))| F)
T k=0 k

<Y esssup B (var? (LO)|F,) B (varT (L0 9) | )
k=0 7

+BY esssup B (var? (L*®)| F,) B2 (var (L9 F,)
k=0 7

S Z |L(k) |BMO |L(n_k) |B1\IO + |/8| |LJ_(k) |BMO |LJ_(n_k) |B1\/IO
k

< (1 + |B|) Z |L(k) + LL(k)|BMo‘L(nik) + LL(nik)‘BMO' (1O>
k=0

Therefore, from (10), using inequalities (8) for any k& < n, we obtain

|L(n+1) + LL(n+1)|BI\/IO S

n

< (148D ax(1+B)M LO+LOE L, (14]8)"F||LO R4 LR ok

BMO
k=0

n

< (148" L + LHORE2 S agay =

BMO
pn
= ap (1+ 8" LO + LL(O)“Q%

and the validity of inequality (8) follows by induction.

Theorem 1. The series ano(L(n) + L™ is convergent in BMO-space,
if v and || are small enough and the sum of series is a solution of the
equation (5).



Proof. Without loss of generality assume that n = 0. Using the lemma 2
we get

L0+ L0 < an(1+ |B)MLO + LHOEL < an(1+ |B)" AL

BMO —

By lemma 3 of appendix, since

lim,, 00 Va,, = lim, o 1 C’flﬁf = limy, o0 |/ % = limy, 00 1/ ( ngl =4,

. . 1
the series is convergent, when v < AT

Remark‘ Since maX<|L|BMO7 ’LJ—|BMO> S |L+LJ_|BI\/10 S |L|BMO + ’LJ—|B1\/IO
the convergence ano(L(n) + L*+™) implies convergence of > 0 L™ and

> nso L™ and vice versa.
The existence of the solution for arbitrary bounded 7 is proven [8]. We
can prove here little more general result

Proposition 1. There exists solution of (2) for sufficiently small v and
arbitrary bounded 7 .

Proof. Let m + m™* be solution of (2) for n = yAz and sufficiently small
7. From the result of [8] there exists a solution of

Er(m)Ep(m™) = cexp{7},
w.r.t ~ ~ -
P = &r(m+mb)., m+m- € M(F,P)+ M*(F,P).P.
It is easy to verify that m +m*’ = m + m* +m +m™ is a solution of (2) for
n=1+~vAr.
The uniqueness of the solution was proved in [§].

Proposition 2. . Let n be an Fr -measurable random variable. If there
exists a triple (c,m,m*), where c € Ry,m € BMONM,m* € BMON Mt
satisfying equation (2) then such solution is unique.

We now show that without finiteness of |A|, either the solution does not
exists or the convergence of series is valid in a week sense.

Example 1. Let a = -1, v=2, 7=0, 4, = %fg(Wf + W2h)ds, F =
(ftW’Wl), where W, W+ is 2-dimensional Brownian motion. Then (5) be-
comes

1 T
Lp+ Ly =c+ (L)yp — (L) + 5/ (W2 + W2)ds.
0



We have

T T
LY + LY = o + / (T — 5)WodW, + / (T —s)Wiawy,
0 0

L L0 =, 4 (L, L0 = S LOL LB 0,
k=0 k=0

Let assume

Then ag =1, fy=1 and

n T
17 =+ 3 [, v

Lot _Z/ §)2 26,8, W2ds, n > 0.

Taking stochastic derivatives D;, Di* and conditional expectations on both
sides we get

n T
(T — 5)*" o, W, = 2 Z Oékan—kWt/ (T — s)*"**ds
k=0 t

2 2n+3 -

WH(T —t)*+3 Z BrBn—k;
k=0

(T - S)2n+3ﬂnWtJ_

2—1—3

which means that

E QRO 5n+1

Zﬁkﬁn k>n>0

Qpt1 =

2n+3 o "‘3



Introducing a(s) = > 07 o, s B(s) =307 ) B,s*" ! one obtains

a'(s) =ap + Z(Zn + 3) 187

n=0
=142 i i(ak&nk)s%” =1+ 2a*(s),
n=0 k=0
B'(s) = Bo+ Y (20 +3)Brsrs™
n=0
=1-2 i i BiBn_irs™T? =1 —25%(s).
n=0 k=0
Le.
o/ (s) = 1+ 2a*(s), a(0) =0, (11)
#'(s) = 1—26%(s), B(0) = 0.
Thus

1 1
a(s) = Etan(\/ﬁs), B(s) = 7 tanh(v/2s).

If T < 575 series are convergent (not in BMO-space) and (¢, L, L*) is defined
as ¢ = 1 Incos(v2T)cosh(v/2T) (by calculations in the appendix),

1/ I
L= —/ tan(v/2s)W,dW,, L = ——/ tanh(v/2s)WEWE.
t \/5 0 ( ) t \/5 0 ( )

When T' > 575 a local martingale L satisfying Ly — (L)r = 3 fOT W2dt does
not exist (despite the fact that fOT W2dt is p-integrable for each p > 1),
since from Er(2L) = elo Wit follows that Eelo Widt = EE7(2L) < 1, which
contradicts to Felo Ve = oo (see appendix).

In the next example exact solution of (5) also exists, however it does not
belong to the extreme cases considered in [9],[10].

Example 2. Let «a = -1, v =2, n =0, A = f(f W,Wktds, F =

(]-"tW’Wl), where W, W+ is a 2-dimensional Brownian motion. Then (5) be-
comes

T
Lr+ Ly =c+ (L) — (L)1 + / W,Wids.
0

9



We have

T T
L = LY + / (T — s)Waw,, L = ELP™ +/ (T — s)WdW,
0 0

L¥L+1) + L§11+1)J_ —c, + Z<L(k)7 L(nfk)>T o Z<L(k)J_7 L(nfk)J_>T7 n>0.

k=0 k=0
We assert that
T
L\m = BLY +/ 5)2" Wy + B, WH)dW,
0
T
Lt = Bri* + / )2 (B W, — an W)W,
0

where ap =0, [y =1 and

n

5 4
Opt1 = o + 3 ;(akan—k - Bkﬁn-k)’ ﬁn-l—l - 2 n20.
Indeed,
L(n+1) _I_L(n-i-l)J_ =c,
+z/ 2n+2 OékW "‘Bk‘W )(an_kWS + Bn—kWsL)dS
B Z/ 2n+2 BkW _ OékW )(ﬁn—kWs - an—kW:—)dS

n

T
= / (T - 8)2%2[(0%0%% - ﬁkﬁnfk)wf - (Oékanfk - 5kﬁn7k)Wj2
0

k=0
+2(a Bk + Bran_ 1) WsWEds + ¢, n > 0.

10



Using representation of integrands by stochastic derivatives we get

(T = t)*" (s Wi + B i W)

n

= E[Dt(Z<L(k)’ L(n—k)>T _ Z(L(k)L,L(”_k)ﬂT)I}}]

n

k=0 k=0
- T
=9 [(OékOénfk - /Bkﬁnfk:)Wt -+ (akﬁnfk + ﬁkanfk:)wtj—] / (T . 8)2n+2d5
k=0 .
2UT — ¢ 2n+3 "
- % Z[(Oék()én,k - Bkﬁn—k)wt + (akﬁnfk + 5k04n7k)th],
" k=0
(T — t)*" 3 (Bpya Wi — Oén+1WtL)
= EW(Z@“’)’ L=y — Z(L(k)L7L(n—k)L>T)|J__.t]
k=0 k=0
- T
=2 Z[_(aka”_k — BB i) Wi + (anBn + Bran—i) Wi / (T — s)*"2ds
k=0 .
2T — 1)+ &
% [—(kn—k — BiBui) Wi + (rBai + Bran—i)Wil.
" k=0

Equalising coefficients at W, W+ we obtain the desired formula. One can
be checked that lim, . {/|a,| = 0,lim, o {/]b,| = 0. Introducing «(s) =
ZOO

> 0 8P B(s) =307 B,8*" T one obtains

t
L= Lo+ / (T — 8)W, + B(T — s)W)dWs,
0
t
L =Ly +/ (B(T — )W, — a(T — s)WH)dW;.
0
On the other hand we can derive ODE for the pair («, )

o (s) = 2a%(s) — 26%(s), a(0)
B'(s) =1+ 4a(s)B(s), B(0)

0, (12)
0.
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Indeed

o (s) = a0+ Z(2n + 3)tp 18712

n=0
=2 Z (rn— — BrPu_r)s" T = 2a*(s) — 2/3*(s),
n=0 k=0
B'(s) = Bo + 2(271 + 3)Bnp18"H?
n=0
=1+4 Z Z g Bn_ 15?2 =1+ 4a(s)B(s).

n=0 k=0
The equation (12) is easy to solve, if we pass to the equation for complex-
variable function ((s) = a(s) + i5(s)
('(s) = i+2¢%(s), ¢(0) =0.
It is obvious that ((s) = 1= tan((1 + 4)s) is a solution. We have
1 ~sin((1+4)s) cos((1 —i)s)
= —(1
) =50+ ) T )P
_ 1(1 ) sin(2s) + isi.nh(Qs)
4 | cos((1 +1)s)|?
_ 1sin(2s) — sinh(2s) + i(sin(2s) 4 sinh(2s))
4 cos?(s) cosh?(s) + sin®(s) sinh?(s)

Finally we can write explicit solution

a(s) = 1 sin(2s) — sinh(2s)
4 cos?(s) cosh?(s) + sin?(s) sinh®(s)’
1 sin(2s) + sinh(2s)

Bls) =

B ZCOSQ(S) cosh?(s) 4 sin’(s) sinh?(s)

of (12) and conclude that it exists on whole [0, 00), since the denominator
does not vanish.

A Appendix

The formula Ee=T"Jo Widt — \/ﬁ is derived in [7]. Similarly we can
prove

12



Proposition 3.

1
EefoT Widt _ cos(v/2T)
oo, if T'> 5

T < 5

5
Proof. Let e,(t ) be orhonormal basis in L?[0,1]. Then Eelo Widt —

1 1
EeT* Jo Wedt — eT* S0 (g en®@Wedt)? — R oT*Uo en(®Wedt) - Gipce

B /O e (B Wad)( /0 et Wadt) = /0 " enl®) /O "t A e (s)dsdt

it is convenient to use the orthonormal ba81s of elgenvectors of the opera-
tor fOT(t A s)f( Yds in L?[0,1]. From A\f(t) fo (t A s)f(s)ds follows that

A (t) = —f(t), f(0) =0, f(1) =0. The function sin urnt satisfies these
conditions iff y? = 1/\, cos um = 0 and = —1/2 + n. Thus
1
Ap = ——————— e,(t) = V2sin((n — 1/2)wt), n > 1

(n—1/2)272" ™"

and E( fo en () Wedt)( fo em(E)Wedt) = N\, fo en(t)em(t)dt = 0, n # m. Since
random variables ( fo en(t)Wydt) are orthogonal and normal they are also

independent. Hence taking into account infinite product decomposition of
cos(v/2t) one gets

o0
Ee Jwaar _ H EeT™ ) en(t)Wrdt)?

n=1
)

st 1
“[[eeri -]
272
n=1

R e O T

et 1 1
- H T2
n=1

1— (2n—1)272 cos(\/ET)

if V2T < /2.

It easy to see that

N r 1
Eexp (/ v Wfdt) = lim FEexp (/ Wfdt) = hm —— = 0.
0 v 0 & cos(v/2T)
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If7T > f then Eelo Wedt Eefomf Widt — .

Lemma 3. Let (ay)n>0 be a solution of the system

n

ap =1, apy1 = Zakan_k. (13)
k=0

1 (242
Then an = 3. ( n+1 )

Proof. For the series u(X) = Y, a,A" from (13) we get equation u(\) =
1+ Au?(X), with the roots u(A) = 55(1 £ /1 —4X). The equality u(\) =
%(1 + +/1 —4)) is impossible, since decomposition of the right hand side is

starting from the term i Therefore, equality a, = 4n1+2 (271?_“12) follows from
the Taylor expansion of 1 — /1 — 4\, since
1
A 1—+1—4\
u(d) = 5 )
I «—1iG3-1)-(E-n+1) .
— —4 n)\n
2 ; n! (=4)
2 2mn)!
(2n — 2n
— 2n>\n 1_ = A" 1
% S amin)

n>1

Lemma 4. There exist sequences (m;,i > 1) € M, (mj,i > 1) € M*,

such that e" = ¢ gT(ml E2(mi) and

Er(Qoimi) go, 11
mé}(m ), n>2, (14)

where m;f =my — (my, 2?71 mi).

el =c¢c,

Proof. The theorem will be proved by induction. Assume (14) is valid
for n. There exist such martingales m, 1, m;,; that ¢Ep(m), ., +mis,) =
EZ(m-) and

n

/ _ 1L
My = Mpy1 — (M1, E :’mi>’ My = n+l n-l-l? E m
i

14



are martingales w.r.t. £(>_7 m; +m;") - P. Thus

Er(D_; mi)

n n
e = cnc Tg(mwrl (M1, Zmi> 1y — (M Zmﬂ)
- ,

Mpy1 — <mn+17 ZZL m1>) 52

)
Er(32; mi)ér(
(

:Cn n n 'n, ? m
(T mi)Er(miyyy — (mir, o mit) (= ey Z

7

gT(ZnJrl my; ) 52( )
Er(imi)

(2

= Cn+1

Remark. If we will prove the convergence of series Y. m;, Y., mi-, then

n __ Er (3257 mi)
m:—0,m' =0, Em}') —1ande = gl
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